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SOBOLEV FUNCTIONS IN THE CRITICAL CASE ARE
UNIFORMLY CONTINUOUS IN s-AHLFORS REGULAR METRIC
SPACES WHEN s ≤ 1
XIAODAN ZHOU
Abstract. We prove that functions in the Haj lasz-Sobolev space M1,s on an
s-Ahlfors regular metric space are uniformly continuous when s ≤ 1.
1. Introduction
Sobolev functions u ∈ W 1,1([a, b]) are absolutely continuous. When n ≥ 2,
u(x) = log | log |x|| provides an example of a discontinuous Sobolev function in
W 1,n(Bn(0, e−1)). The aim of this paper is to investigate continuity of the Sobolev
functions in the critical case, i.e. p = n on more general metric spaces including
fractals.
Definition 1. Let (X, d, µ) be a metric space equipped with a Borel measure µ and
let s > 0. We say that a metric measure space (X, d, µ) is s-Ahlfors regular if there
is a constant CA ≥ 1, such that
C−1A r
s ≤ µ(B(x, r)) ≤ CArs, for x ∈ X and 0 < r < diam(X).
An important class of Ahlfors regular spaces is provided by fractals. Hutchinson
[15], proved that fractals generated by iterated function systems satisfying the open
set condition are Ahlfors regular.
If X is s-Ahlfors regular with respect to µ, then µ is comparable to the Hausdorff
measure Hs. So X is s-Ahlfors regular with respect to Hs [11, Exercise 8.11.].
Analysis on fractals has developed a great deal since eighties [3, 5, 17, 18, 25]
and the theory of Sobolev spaces on metric spaces play an important role in this
development. There are various extensions of the theory of Sobolev spaces to metric-
measure spaces [1, 2, 4, 8, 9, 10, 11, 12, 24]. While the approach based on upper
gradients (Cheeger and Newtonian Sobolev spaces) requires the space to be highly
connected, it does not apply to fractals with limited connectivity properties. On
the other hand, the theory of Haj lasz-Sobolev spaces is rich without any assump-
tion on connectivity of the space, and Haj lasz-Sobolev spaces on fractals have been
investigated in [13, 14, 22, 23, 26].
2010 Mathematics Subject Classification. 46E35, 28A80.
Key words and phrases. Sobolev functions, uniform continuity, Fractals, Ahlfors regular.
The author was partially supported by NSF grant DMS-1500647 of Piotr Haj lasz.
1
2 X. ZHOU
Definition 2. Let (X, d, µ) be a metric space equipped with a Borel measure µ. For
0 < p < ∞ we define the Haj lasz-Sobolev space M1,p(X, d, µ) to be the set of all
functions u ∈ Lp(X) for which there exists nonnegative Borel functions g ∈ Lp(X)
such that
|u(x)− u(y)| ≤ d(x, y)(g(x) + g(y)) µ− a.e.
Denote by D(u) the class of all nonnegative Borel functions g that satisfy the above
inequality. Thus u ∈ M1,p(X, d, µ) if and only if u ∈ Lp(X) and D(u) ∩ Lp 6= ∅.
The space M1,p(X, d, µ) is linear and we equip it with
||u||M1,p = ||u||Lp + inf
g∈D(u)
||g||Lp.
Remark 1. If p ≥ 1, || · ||M1,p is a norm and M1,p is a Banach space [8]. For
applications of Haj lasz-Sobolev spaces with 0 < p < 1, see for example [9, 16, 19,
20, 21, 28].
The following result is the main theorem of this paper.
Theorem 1. Let (X, d,Hs) be an s-Ahlfors regular metric space and 0 < s ≤ 1.
If u ∈ M1,s(X, d,Hs), then u is uniformly continuous. Moreover, there exists a
constant C > 0, such that for any ball B ⊂ X,
osc
B
|u| = sup
x,y∈B
|u(x)− u(y)| ≤ C
(ˆ
2B
gsdHs
) 1
s
, (∗)
where g ∈ D(u) ∩ Ls(X).
Here and in what follows by 2B we denote a ball concentric with B and with
twice the radius.
Remark 2. For example, the ternary Cantor set C equipped with the Euclidean
distance is s-Ahlfors regular with s = log 2
log 3
, [6, Example 2.7].
Remark 3. The Sobolev functions in W 1,1([a, b]) are absolutely continuous. More
generally, if the space X is compact, connected and H1(X) < ∞, the functions in
the Newtonian Sobolev spaces N1,1(X, d, µ) are also absolutely continuous [27].
Remark 4. The restriction that s ≤ 1 is necessary in our statement, since we apply
the reverse Minkowski inequality in the proof. We conjecture that there alway exists
discontinuous Sobolev functions in M1,s(X) when X is an s-Ahlfors regular space
with s > 1.
2. Proof of the main theorem
Let C denote a general constant whose value can change even in the same string
of estimates.
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Lemma 2. Let X be an s-Ahlfors regular space. Then there is a constant 0 < C0 < 1
such that for any ball B(x, r) with 0 < r < diam(X), there is a sequence of balls
{Bi}∞i=1 = {B(xi, C i0r)}∞i=1 ⊂ B(x, r) satisfying
(1) Bi ∩ Bj = ∅, if i 6= j,
(2) B(xi, C
i
0r) ⊂ B(x, C i−10 r) \B(x, C i0r).
Proof. Since X is s-Ahlfors regular, there is a constant CA ≥ 1, such that for any
ball B(x, r) ⊂ X with 0 < r < diam(X), we have
C−1A r
s ≤ Hs(B(x, r)) ≤ CArs.
We claim that for any 0 < c < C
−2/s
A ,
B(x, r) \B(x, cr) 6= ∅.
For if not, B(x, r) \B(x, cr) = ∅ would imply
C−1A r
s ≤ Hs(B(x, r)) = Hs(B(x, cr)) ≤ CA(cr)s
so C
−2/s
A ≤ c, which is a contradiction. Fix 0 < c < C−2/sA and let
C1 = min{ c
2
,
√
5− 1
2
}.
Clearly, 0 < C1 < 1.
Fix a ball B(x, r) ⊂ X with 0 < r < diam(X) and let y ∈ B(x, r) \ B(x, cr).
Then
B(y, C1r) ⊂ B(x, C−11 r) \B(x, C1r).
We can construct a sequence of balls B1, B2 . . . ⊂ B(x, r) in the following way.
Let rˆi = C
2i−1
1 r and Bˆi = B(x, rˆi). By the previous argument, for each Bˆi, there
exists xi such that
B(xi, C1rˆi) ⊂ B(x, C−11 rˆi) \B(x, C1rˆi).
Let ri = C1rˆi = C
2i
1 r, so
B(xi, ri) ⊂ B(x, ri−1) \B(x, ri).
Let C0 = C
2
1 . Clearly, 0 < C0 < 1. Let Bi = B(xi, ri) = B(xi, C
i
0r). Since these
balls are contained in disjoint annuli, Bi ∩Bj = ∅ for i 6= j.
From the construction, the balls in this sequence satisfy
Bi ⊂ B(x, C i−10 r) \B(x, C i0r).
This completes the proof. 
Now, we can complete the proof of the main result follwoing some ideas from [7].
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Proof. By definition, for u ∈M1,s(X, d,Hs), there exists g ∈ Ls(X) such that
|u(x)− u(y)| ≤ d(x, y)(g(x) + g(y)),
when x, y ∈ X \ E and Hs(E) = 0.
Let E0 = {x ∈ X \ E : g(x) < ∞}. Clearly, Hs(X \ E0) = 0. Fix a ball
B(z, r) ⊂ X . We will prove that
sup
x,y∈B(z,r)∩E0
|u(x)− u(y)| ≤ C
(ˆ
B(z,2r)
gsdHs
) 1
s
.
Let x, y ∈ B(z, r)∩E0. According to Lemma 2, there exists a sequence of disjoint
balls {Bi}∞i=1 = {B(xi, C i0r)}∞i=1 ⊂ B(x, r) such that
Bi = B(xi, C
i
0r) ⊂ B(x, C i−10 r) \B(x, C i0r).
Let ri = C
i
0r, then
Bi = B(xi, ri) ⊂ B(x, C−10 ri) \B(x, ri).
Clearly, we can find zi ∈ Bi ∩ E0 such that
g(zi) ≤
( 
Bi
gsdHs
)1/s
=
( 1
Hs(Bi)
)1/s(ˆ
Bi
gsdHs
)1/s
≤ C
ri
(ˆ
Bi
gsdHs
)1/s
.
Here the barred integral denotes the integral average.
Notice that zi ∈ Bi ⊂ B(x, C−10 ri) implies that d(x, zi) ≤ C−10 ri. It follows that
|u(x)− u(zi)| ≤ d(x, zi)
(
g(x) + g(zi))
)
≤ Crig(x) + C
(ˆ
Bi
gsdHs
)1/s
.
Hence, limi→∞ u(zi) = u(x). Thus,
|u(z1)− u(x)| ≤
∞∑
i=1
|u(zi)− u(zi+1)|
=
∞∑
i=0
d(zi, zi+1)
(
g(zi) + g(zi+1)
)
.
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Since zi ∈ Bi, zi+1 ∈ Bi+1 and Bi, Bi+1 ⊂ B(x, C−10 ri), we have that d(zi, zi+1) ≤
Cri. Since also ri+1 = C0ri, the above inequality implies that
|u(z1)− u(x)| ≤
∞∑
i=0
Cri
( 1
ri
(ˆ
Bi
gsdHs)1/s + 1
ri+1
(ˆ
Bi+1
gsdHs)1/s
)
≤ C
∞∑
i=0
(ˆ
Bi
gsdHs
)1/s
≤ C
(ˆ
B(x,r)
gsdHs
)1/s
. (1)
The last inequality follows from the reverse Minkowski inequality and the fact that
the balls in the sequence {Bi}∞i=1 ⊂ B(x, r) are pairwise disjoint.
Notice that z1 ∈ B1 ⊂ B(x, r) ⊂ B(z, 2r) and
g(z1) ≤ C
r1
( ˆ
B1
gsdHs
)1/s
≤ C
r
(ˆ
B(z,2r)
gsdHs
)1/s
.
Similarly, we can find w1 ∈ B(y, r) ⊂ B(z, 2r) such that
|u(w1)− u(y)| ≤ C
(ˆ
B(y,r)
gsdHs
)1/s
, (2)
and
g(w1) ≤ C
r
(ˆ
B(z,2r)
gsdHs
)1/s
.
Since z1, w1 ∈ B(z, 2r), we also have
|u(z1)− u(w1))| ≤ d(z1, w1)(g(z1) + g(w1))
≤ C(
ˆ
B(z,2r)
gsdHs)1/s. (3)
Now the inequalities (1), (2), (3) readily give
sup
x,y∈B(z,r)∩E0
|u(x)− u(y)| ≤ C
(ˆ
B(z,2r)
gsdHs
) 1
s
.
This and the absolute continuity of the integral imply uniform continuity of u|X\E0.
Hence u uniquely extends to a uniformly continuous function onX and the inequality
(∗) follows. The proof is complete.

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